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Abstract
In this note, we compute three summations involving a power function and a partial sum of
the binomial coe1cients, which are extensions of Calkin’s identities.
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0. Introduction
In this paper, we consider the following summations:
n∑
k=0
kt

 k∑
j=0
(
n
j
) ; n∑
k=0
kt

 k∑
j=0
(
n
j
)
2
and
n∑
k=0
kt

 k∑
j=0
(
n
j
)
3
:
We denote them by S1(t); S2(t) and S3(t), respectively. For t=0, the summations are
obtained by Calkin [2]. Therefore, the results in this note are regarded as extensions of
Calkin’s identities. (Zhang [7] obtained alternative summations of Calkin’s identities,
and Hirschhorn [5] and Zhang [8] gave their recurrence relations, respectively.)
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1. The rst summation
Let Bt(y) and Bt be the Bernoulli polynomials and Bernoulli numbers, respectively.
It is well known that
Bn(y) =
n∑
k=0
(
n
k
)
Bn−kyk :
Lemma 1.
n∑
k=0
kt =
1
t + 1
{Bt+1(n+ 1)− Bt+1}:
Proof. See [4].
Lemma 2. Let x be a real number. Then
n∑
i=0
(
n
i
)
ikxi =
k∑
p=0
S(k; p)xp(n)p(1 + x)n−p;
where (n)p = n(n− 1) · · · (n−p+ 1) and the S(k; p) are the Stirling numbers of the
second kind (see [3]).
Proof. Let Dx denote the diIerential operator with respect to x. Then we have
n∑
i=0
(
n
i
)
ikxi = (xDx)k(1 + x)n =
k∑
p=0
S(k; p)xp(Dx)p(1 + x)n
=
k∑
p=0
S(k; p)xp(n)p(1 + x)n−p:
Theorem 3.
S1(t) =
2n
t + 1
{
Bt+1(n+ 1)−
t+1∑
k=0
(
t + 1
k
)
Bt+1−k
k∑
i=0
2−i(n)iS(k; i)
}
:
Proof.
S1(t) =
n∑
k=0
kt

 k∑
j=0
(
n
j
)= n∑
j=0
(
n
j
)
n∑
k=j
kt
=
n∑
j=0
(
n
j
)
1
t + 1
{Bt+1(n+ 1)− Bt+1(j)} (by Lemma 1)
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=
1
t + 1
2nBt+1(n+ 1)− 1t + 1
n∑
j=0
(
n
j
)
Bt+1(j)
=
1
t + 1
2nBt+1(n+ 1)− 1t + 1
n∑
j=0
(
n
j
)
t+1∑
k=0
(
t + 1
k
)
Bt+1−kj k
=
1
t + 1
2nBt+1(n+ 1)− 1t + 1
t+1∑
k=0
(
t + 1
k
)
Bt+1−k
n∑
j=0
(
n
j
)
j k
=
1
t + 1
2nBt+1(n+ 1)− 1t + 1
t+1∑
k=0
(
t + 1
k
)
Bt+1−k
×
k∑
i=0
S(k; i)(n)i2n−i (by Lemma 2)
=
2n
t + 1
{
Bt+1(n+ 1)−
t+1∑
k=0
(
t + 1
k
)
Bt+1−k
k∑
i=0
2−i(n)iS(k; i)
}
;
as desired.
From the theorem we see that S1(t)=2n is a polynomial in n of degree t+1 because
Bt+1(n) is (see [3]). Therefore, they are easily computed by computer. As examples,
we compute S1(t) by MAPLE for t = 0; 1; 2; 3; 4; 5, and 6, and we state the results as
a corollary below.
Corollary 4.
S1(0) =
n∑
k=0

 k∑
j=0
(
n
j
)= 2n + n2n−1 [2; 5]
S1(1) =
n∑
k=0
k

 k∑
j=0
(
n
j
)= n(3n+ 5)2n−3;
S1(2) =
n∑
k=0
k2

 k∑
j=0
(
n
j
)= 1
3
n(n+ 1)(7n+ 5)2n−3;
S1(3) =
n∑
k=0
k3

 k∑
j=0
(
n
j
)= n(15n3 + 30n2 + 21n− 2)2n−6;
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S1(4) =
n∑
k=0
k4

 k∑
j=0
(
n
j
)= 1
15
n(n+ 1)(93n3 + 132n2 + 53n− 38)2n−5;
S1(5) =
n∑
k=0
k5

 k∑
j=0
(
n
j
)= n(21n5 + 61n4 + 55n3 + 15n2 − 28n+ 4)2n−7;
S1(6) =
n∑
k=0
k6

 k∑
j=0
(
n
j
)
=
1
21
n(n+ 1)(381n5 + 921n4 + 381n3 + 39n2 − 746n+ 368)2n−7:
2. The second summation
To deal with the last two summations, we need the Omega operator. In the fa-
mous book “Combinatory Analysis” [6], MacMahon introduced Partition analysis as
a computational method for solving problems in connection with linear homogeneous
diophantine inequalities and equations, respectively. He deNned the omega operator ¿
as follows (or see [1]).
Denition. The operator ¿ is deNned by
¿
∞∑
s1=−∞
· · ·
∞∑
sr=−∞
As1 ;:::;sr 
s1
1 · · · srr =
∞∑
s1=0
· · ·
∞∑
sr=0
As1 ;:::;sr ;
where the domain of the terms As1 ;:::;sr is such that the action is well deNned in some
suitable analytic or algebraic context. In the context of this paper, convergence is no
issue at all because the operator ¿ will only act on the Nnite power series. Obviously,
we have
Lemma 5.
(max{k1; k2})k − (min{k1; k2})k = ¿{(kk1 − kk2 )k1−k2 + (kk2 − kk1 )k2−k1}
and
(max{k1; k2; k3})k − (min{k1; k2; k3})k
=¿{(kk1 − kk2 )k1−k2 + (kk2 − kk3 )k2−k3 + (kk3 − kk1 )k3−k1}:
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Theorem 6.
S2(t) =
n∑
k=0
kt

 k∑
j=0
(
n
j
)
2
=
1
t + 1

22nBt+1(n+ 1)
−
t+1∑
k=0
(
t + 1
k
)
Bt+1−k
k∑
p=0
(n)pS(k; p)

22n−p + p−1∑
j=0
(
2n− p
n− j
)

 :
(1)
Proof.
S2(t) =
n∑
k=0
kt
∑
k¿k1 ; k2¿0
(
n
k1
)(
n
k2
)
=
∑
n¿k1 ; k2¿0
(
n
k1
)(
n
k2
)
n∑
k=max{k1 ; k2}
kt
=
∑
n¿k1 ; k2¿0
(
n
k1
)(
n
k2
)
1
t + 1
{Bt+1(n+ 1)− Bt+1(max{k1; k2})}
=
22n
t + 1
Bt+1(n+ 1)− 1t + 1
∑
n¿k1 ; k2¿0
(
n
k1
)(
n
k2
)
×
t+1∑
k=0
(
t + 1
k
)
Bt+1−k(max{k1; k2})k
=
22n
t + 1
Bt+1(n+ 1)− 1t + 1
t+1∑
k=0
(
t + 1
k
)
Bt+1−k
×
∑
n¿k1 ; k2¿0
(
n
k1
)(
n
k2
)
(max{k1; k2})k
=
22n
t + 1
Bt+1(n+ 1)− 1t + 1
t+1∑
k=0
(
t + 1
k
)
Bt+1−kM (k)(n);
where M (k)(n) =
∑
n¿k1 ;k2¿0
(
n
k1
)(
n
k2
)
(max{k1; k2})k .
Put
N (k)(n) =
∑
n¿k1 ; k2¿0
(
n
k1
)(
n
k2
)
(min{k1; k2})k :
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Then
M (k)(n) + N (k)(n) =
∑
n¿k1 ; k2¿0
(
n
k1
)(
n
k2
)
{(max{k1; k2})k + (min{k1; k2})k}
=
∑
n¿k1 ; k2¿0
(
n
k1
)(
n
k2
)
(kk1 + k
k
2 )
= 2n+1
n∑
i=0
(
n
i
)
ik
= 22n+1
k∑
p=0
2−p(n)pS(k; p) (by Lemma 2)
and
M (k)(n)− N (k)(n) =
∑
n¿k1 ; k2¿0
(
n
k1
)(
n
k2
)
{(max{k1; k2})k − (min{k1; k2})k}
=¿
∑
n¿k1 ; k2¿0
(
n
k1
)(
n
k2
)
×{(kk1 − kk2 )k1−k2 + (kk2 − kk1 )k2−k1} (by Lemma 5)
= 2¿
{(
1 +
1

)n n∑
i=0
(
n
i
)
iki − (1 + )n
n∑
i=0
(
n
i
)
ik−i
}
= 2¿

−n(1 + )n
k∑
p=0
S(k; p)p(n)p(1 + )n−p
− (1 + )n
k∑
p=0
S(k; p)−p(n)p
(
1 +
1

)n−p

= 2¿

−n+p
k∑
p=0
S(k; p)(n)p(1 + )2n−p
− −n
k∑
p=0
S(k; p)(n)p(1 + )2n−p


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= 2
k∑
p=0
(n)pS(k; p)¿
{
−n+p
2n−p∑
v=0
(
2n− p
v
)
v
− −n
2n−p∑
v=0
(
2n− p
v
)
v
}
= 2
k∑
p=0
(n)pS(k; p)
{ 2n−p∑
v=n−p
(
2n− p
v
)
−
2n−p∑
v=n
(
2n− p
v
)}
= 2
k∑
p=0
(n)pS(k; p)
p−1∑
j=0
(
2n− p
n− j
)
:
Combining M (k)(n) + N (k)(n) and M (k)(n)− N (k)(n) yields
M (k)(n) = 22n
k∑
p=0
2−p(n)pS(k; p) +
k∑
p=0
(n)p S(k; p)
p−1∑
j=0
(
2n− p
n− j
)
=
k∑
p=0
(n)pS(k; p)

22n−p + p−1∑
j=0
(
2n− p
n− j
) ;
which implies the theorem.
We can rewrite S2(t) as follows:
S2(t) =
1
t + 1

22nBt+1(n+ 1)−
t+1∑
k=0
(
t + 1
k
)
Bt+1−k
×
k∑
p=0
(n)pS(k; p)

22n−p + p−1∑
j=0
(
2n− p
n− j
)


=
1
t + 1

Bt+1(n+ 1)−
t+1∑
k=0
(
t + 1
k
)
Bt+1−k
k∑
p=0
(n)pS(k; p)2−p

 22n
− 1
t + 1


t+1∑
k=0
(
t + 1
k
)
Bt+1−k
k∑
p=0
(n)pS(k; p)
p−1∑
j=0
(
2n− p
n− j
)
 :
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Put Pt(n) = (1=(t +1)){Bt+1(n+1)−
∑t+1
k=0
(
t+1
k
)
Bt+1−k
∑k
p=0(n)pS(k; p)2
−p}. Then
Pt(n) is a polynomial in n. Note that
(n)p
p−1∑
j=0
(
2n− p
n− j
)
= (n)p
(
2n
n
) p−1∑
j=0
(n)p−j(n)j
(2n)p
=
(n)p
(2n)p
(
2n
n
) p−1∑
j=0
(n)p−j(n)j
= Q∗p(n)
(
2n
n
)/
(2n− 1)(2n− 3) · · · (2n− p0);
where Q∗p(n) is a polynomial in n and p0 = 2[p=2]− 1, the biggest odd integer ¡p.
We then easily see that
S2(t) = Pt(n)22n + Qt(n)
(
2n
n
)/
(2n− 1)(2n− 3) · · · (2n− t0);
where Pt(n) and Qt(n) are polynomials in n, and t0 is the biggest odd integer ¡t.
Similarly to S1(t), we compute S2(t) by MAPLE for t = 0; 1; 2; 3; 4 and 5, as follows.
Corollary 7.
S2(0) =
1
2
(n+ 2)22n − n
2
(
2n
n
)
= n22n−1 + 22n − n
2
(
2n
n
)
[2; 5]
S2(1) =
1
8
n(3n+ 5)22n − 1
4
n(n− 1)
(
2n
n
)
;
S2(2) =
1
24
n(n+ 1)(7n+ 5)22n − 1
12
n(n− 1)(3n2 − 2n+ 1)
2n− 1
(
2n
n
)
;
S2(3) =
1
64
n(15n3 + 30n2 + 21n− 2)22n − 1
8
n2(n+ 1)(n− 1)2
2n− 1
(
2n
n
)
;
S2(4) =
1
480
n(n+ 1)(93n3 + 132n2 + 53n− 38)22n
− 1
120
n(n− 1)(15n5 − 99n3 + 116n2 − 34n+ 6)
(2n− 1)(2n− 3)
(
2n
n
)
;
S2(5) =
1
128
n(21n5 + 61n4 + 55n3 + 15n2 − 28n+ 4)22n
− 1
48
n2(3n− 5)(n+ 1)(n2 + 4n− 6)(n− 1)2
(2n− 1)(2n− 3)
(
2n
n
)
:
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3. The third summation
Applying Lemma 1 we have
S3(t) =
n∑
k=0
kt

 k∑
j=0
(
n
j
)
3
=
n∑
k=0
kt
∑
k¿k1 ; k2 ; k3¿0
(
n
k1
)(
n
k2
)(
n
k3
)
=
∑
n¿k1 ; k2 ; k3¿0
(
n
k1
)(
n
k2
)(
n
k3
)
n∑
k=max{k1 ; k2 ; k3}
kt
=
∑
n¿k1 ; k2 ; k3¿0
(
n
k1
)(
n
k2
)(
n
k3
)
1
t + 1
{Bt+1(n+ 1)− Bt+1(max{k1; k2; k3})}
=
23n
t + 1
Bt+1(n+ 1)− 1t + 1
∑
n¿k1 ; k2 ; k3¿0
(
n
k1
)(
n
k2
)(
n
k3
)
×
t+1∑
k=0
(
t + 1
k
)
Bt+1−k(max{k1; k2; k3})k
=
23n
t + 1
Bt+1(n+ 1)− 1t + 1
t+1∑
k=0
(
t + 1
k
)
Bt+1−k
×
∑
n¿k1 ; k2 ; k3¿0
(
n
k1
)(
n
k2
)(
n
k3
)
(max{k1; k2; k3})k
=
23n
t + 1
Bt+1(n+ 1)− 1t + 1
t+1∑
k=0
(
t + 1
k
)
Bt+1−kM(k)(n);
where M(k)(n) =
∑
n¿k1 ;k2 ;k3¿0
(
n
k1
)(
n
k2
)(
n
k3
)
(max{k1; k2; k3})k .
Write
N(k)(n) =
∑
n¿k1 ; k2 ; k3¿0
(
n
k1
)(
n
k2
)(
n
k3
)
(min{k1; k2; k3})k :
Obviously, M(0)(n) =N(0)(n) = 23n. Hence,
M(k)(n) =
∑
n¿k1 ; k2 ; k3¿0
(
n
k1
)(
n
k2
)(
n
k3
)
(max{k1; k2; k3})k
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=
∑
n¿k1 ; k2 ; k3¿0
(
n
k1
)(
n
k2
)(
n
k3
)
(n−min{k1; k2; k3})k
=
∑
n¿k1 ; k2 ; k3¿0
(
n
k1
)(
n
k2
)(
n
k3
)
k∑
j=0
(
k
j
)
nk−j(−1)j(min{k1; k2; k3})j
=
k∑
j=0
(
k
j
)
nk−j(−1)jN( j)(n):
Similar to the proof of Theorem 6, we have
M(k)(n)−N(k)(n)
=
∑
n¿k1 ; k2 ; k3¿0
(
n
k1
)(
n
k2
)(
n
k3
)
{(max{k1; k2; k3})k − (min{k1; k2; k3})k}
=¿
∑
n¿k1 ; k2 ; k3¿0
(
n
k1
)(
n
k2
)(
n
k3
)
{(kk1 − kk2 )k1−k2 + (kk2 − kk3 )k2−k3
+ (kk3 − kk1 )k3−k1} (by Lemma 5)
=3× 2n¿
{(
1 +
1

)n n∑
i=0
(
n
i
)
iki − (1 + )n
n∑
i=0
(
n
i
)
ik−i
}
=3× 2n¿

−n(1 + )n
k∑
p=0
S(k; p)p(n)p(1 + )n−p
− (1 + )n
k∑
p=0
S(k; p)−p(n)p
(
1 +
1

)n−p

=3× 2n¿

−n+p
k∑
p=0
S(k; p)(n)p(1 + )2n−p
−−n
k∑
p=0
S(k; p)(n)p(1 + )2n−p


=3× 2n
k∑
p=0
(n)pS(k; p)¿
{
−n+p
2n−p∑
v=0
(
2n− p
v
)
v
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−−n
2n−p∑
v=0
(
2n− p
v
)
v
}
=3× 2n
k∑
p=0
(n)pS(k; p)
{ 2n−p∑
v=n−p
(
2n− p
v
)
−
2n−p∑
v=n
(
2n− p
v
)}
=3× 2n
k∑
p=0
(n)pS(k; p)
p−1∑
j=0
(
2n− p
n− j
)
:
Rewriting M(k)(n) +N(k)(n) and M(k)(n)−N(k)(n) yields
M(k)(n)− (−1)kN(k)(n) =
k−1∑
j=0
(
k
j
)
nk−j(−1)jN( j)(n); (2)
M(k)(n)−N(k)(n) = 3× 2n
k∑
p=0
(n)pS(k; p)
p−1∑
j=0
(
2n− p
n− j
)
: (3)
From (2) and (3) we have
M(1)(n) = n23n−1 + 3n2n−2
(
2n
n
)
;
N(1)(n) = n23n−1 − 3n2n−2
(
2n
n
)
:
Therefore, we obtain the result of Calkin [2]
S3(0) =
n∑
k=0

 k∑
j=0
(
n
j
)
3
= n23n−1 + 23n − 3n2n−2
(
2n
n
)
:
For k odd, we have
M(k)(n) = 3× 2n−1
k∑
p=0
(n)pS(k; p)
p−1∑
j=0
(
2n− p
n− j
)
+
1
2
k−1∑
j=0
(
k
j
)
nk−j(−1)jN( j)(n);
N(k)(n) =
1
2
k−1∑
j=0
(
k
j
)
nk−j(−1)jN( j)(n)
− 3× 2n−1
k∑
p=0
(n)pS(k; p)
p−1∑
j=0
(
2n− p
n− j
)
:
342 J. Wang, Z. Zhang /Discrete Mathematics 274 (2004) 331–342
But we are not able to obtain the corresponding result for k even. Here we pose an
open problem:
Open Problem. For k even, determine M(k)(n) +N(k)(n). If this problem is solved,
the result of the cubic summation can be given.
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